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Abstract 

For a polynomial mapping from S n ~~ k to the Stiefel manifold 14 (]R™), 
where n — k is even, there is presented an effective method of expressing 
the corresponding element of the homotopy group 7r ra _fcV4(R™) — Z in 
terms of signatures of quadratic forms. There is also given a method 
of computing the intersection number for a polynomial immersion 

1 Introduction 

Mappings from a sphere into a Stiefel manifold are a natural object of study 
in topology. Denote by I4(]R ra ) the non-compact Stiefel manifold, i.e. the set 
of all A; -frames in M n , and take a polynomial mapping a : S n ~~ k — > I4(IR n ). 
If n — k is even then the homotopy group vTn-fc V4(R n ) is isomorphic to Z. 
Let A(a) £ Z be the integer associated with a. 

In Sections 2 we show that A(a) is equal to the topological degree of 
some associated mapping a : S 1 * 1-1 x S n ~ k — > M. n \ {0}. 

In Section 3 we prove that one may express A(a) in terms of signatures of 
two quadratic forms (Theorem 13. 9h . even in the case where S n ~ k is replaced 
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by a compact algebraic hypersurface M C R n . These signatures may 
be computed using computer algebra systems. Examples presented in this 
paper were calculated with the help of Singular [3]. 

Assume that m is even, M C M m+1 is a compact algebraic m-dimensional 
hypersurface, and g : M — > R 2m is an immersion. Whitney in [TU] intro- 
duced the intersection number 1(g) G Z. In the case where M = S m , Smale 
in [8] constructed a mapping a' : S m -» V m (R 2m ) such that 1(5) = A(a'). 
Unfortunately, if 5 is a polynomial immersion then a' is not a polynomial 
mapping, so one cannot apply previous results in order to compute 1(g). 

In Section 4 we show how to construct a polynomial mapping a : M — >• 
V;n+i(^ 2m+1 ) such that /(g) = -A (a) (Theorem g^J. Therefore 1(g) can 
be expressed and computed in terms of signatures. 

Another formula expressing 1(g) in terms of signatures of quadratic 
forms, inspired by the original definition by Whitney, was presented in [5] 
and generalized in [6] to the case where M may have singularities. Calcula- 
tions done with the help of a computer show that the method presented in 
this paper is significantly more effective. 



2 Mappings into a Stiefel manifold 

If M, N are closed oriented n-manifolds and / : M — > N continuous, then 
by deg(/) we denote the topological degree of /. If (M,dM) is a compact 
oriented n-manifold with boundary and / : (M,dM) — > (M n ,R n \ {0}) is 
continuous, then by deg(f\dM) we denote the topological degree of //|/| : 
dM — ► S 71 - 1 . 

Let n — k > be an even number and k > 1. Denote by Vk(W l ) the set 
of all A:-frames in R n , and by Vk(M. n ) the Stiefel manifold, i.e. the set of all 
orthonormal A;~frames in M ra . The Stiefel manifold is a deformation retract 
of Vk(M. n ), so that vr n _ fc Vfc(M n ) = TT n - k V k (R n ). It is known (see pQ), that 
7: n _ k V k (R n ) ~ Z. 

Let [a] G 7r n _fcVfc(lR n ) be represented by a = (ai, . . . ,a k ) ■ S n ~ k — > 
V k (M. n ), where a\ : S n ~ k — > S 71 ^ 1 C M n . Since a\(x), . . . , a k (x) are linearly 
independent, we can define 5 : x S n ~ k — > W 1 \ {0} by 

a(/3, x) = Piai(x) + . . . + /3 k a k (x), 

where (3 = (fi 1 ..., (3 k ) € S^ 1 and x = (x x , . . .,x n -k+i) & S n ~ k . 

Lemma 2.1 The mapping a goes into S' n ~ 1 . 
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Proof. We know that \/3\ = 1, |a«(2;)| = 1 for i = 1, . . . , k, and the scalar 
products (a.i(x), ctj(x)} = for i ^ j. Then 

k 

\a(0, x)\ 2 = P? + 2 £ &Pj{ai(x), a 3 {x)) = 1. 

i=l i^j 

□ 

We got a : S ,fc_1 x S n ~ k — > S n ~ l , so the topological degree deg(a) is 
defined. 

For a : S n ~ k — ► V k (R n ), we also have a : S^ 1 x S"™- 1 — > R n \ 
{0}. Then a/\a\ : S^ 1 x S 71 ' 1 — > S™" 1 , and deg(5/|5|) is well defined. 
Let r : V k (R n ) — > V k (R n ) be the retraction given by the Gram- Schmidt 
orthonormalization. Then a* = (1 — t)a + t ■ r o a : S n ~ k — > V k (R n ) is a 
homotopy between a and r o a. Hence 5*/|5*| : S^'" 1 x S n ~ k — > S 11 ^ 1 is a 
homotopy between 5/|5| and foa, so that deg(5/|5|) = deg(foa). 

Lemma 2.2 If a , a 1 : 

— Vfc(M n ) represent the same element in 
7T n _ k V k (R n ), then deg(5°) = deg(5 1 ). 

Proof. There is a homotopy a 1 = (a\, . . . , a\ ) : S n ~ k — ► V k (R n ) between 
a° and or. Then 

a\/3,x) = Pia\(x) + . . . + f3 k a\(x) : S^ 1 x S n - k — ► S™" 1 

is a homotopy between 5° and 5 , and so deg(5°) = deg(5 1 ). 

□ 

Example. The trivial element [e] S ir n ^ k V k (R n ) is represented by a constant 
mapping e(x) = (vi, . . . ,v k ) e V k (R n ). Then e(/3, x) = + . . . + (5 k v k is 
not onto S n ~ l , so deg(eT) = 0. 

Proposition 2.3 For a// [a] € 7r n _fcVfc(lR n ), deg(a) is an even number. 

Proof. Let Mfc(M ra ) denote the set of all fe-tuples of vectors in R n . Ac- 
cording to [21 Proposition 5.3], S fc (R n ) = M fc (M n ) \ V k {R n ) is an algebraic 
subset of M k (R n ) with codimS fc (R n ) = n-k + l. 

Take a : 5 n " fc — ► V k (R n ). There is a homotopy ft = (fti, . . . , : 
[0, 1] x S' n_fc — > M k (R n ) between a and e given by h(t,x) = te(x) + (1 — 
t)a(x). Put ft' = (h 2 ,...,h k ) : [0,1] x S"-* — ► M fc _i(R n ). According 
to the Elementary Transversality Theorem [21 Corollary 4.12], there is g' 
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arbitrarily close to b! such that g' intersects £fc_i(M n ) transversally. As 
codim£ fc _i(K n ) = n- k + 2 > dim([0,l] x S n ~ k ), so (g') _1 (Sfc-i(K n )) = 
and then g' : [0, 1] x S n ' k — > H_i(K n ). Put <? = ( 9l , ...,g k ) = {h l: g'). 
We can choose g' such that g(0, •) : S n ~ k — > V k (M. n ) is homotopic to a and 
g(l, •) : S n " fe — ► V k {R n ) is homotopic to e. Put 5 : [0, 1] x S^ 1 x S n - k — > 
M n as s(t, /3, x) = (i, x) + . . . + p k g k (t, x) . 

We know that g2(t, x), . . . , x) are linearly independent, so (0, /?'), x) 7^ 
for = (0,/3') G {0} x 5 fc " 2 . Hence 

^(o) n ([0, 1] x ({0} x s k - 2 ) x S n ~ k ) = 0. 

Put H± = {(3 G S^" 1 ] ± /3i > 0}, and M± = [0, 1] x fT± X S n ~ fc . Then 
<7 (0) C M_ U M + . Of course i(t,(3,x) = (t, — /3,x) is a free involution on 
[0, 1] x S*- 1 x S n - k , such that 

g-\0)nM- = i(g- 1 (0)nM + ). 

We also have 5 _1 (0) n {0, 1} x fiT*" 1 x S n ~ k = 0. So there exist two n- 
dimensional compact manifolds with boundary N± C int(M±) such that 
g(0) C int(AL-) U int(iV + ) and AL = i(N + ). By the Excision Theorem, 



deg(5|3([0,l] x S'- 1 x S n - k )) = deg(g\dN.) + deg(g\dN + ). 

It is easy to check that i : N + — > iV_ preserves the orientation when k is 
even, and reverses it when k is odd. We have 

g\dN + = -goi\dN + = -i^S 71 ' 1 o g\dN_ o »|0jV+. 

Of course deg(— i(i|5 n_1 ) = (— l) ra . Hence 

deg(s|«9iV + ) = (-l)"(-l) fc deg(5|aiV_) = (-1)™+* deg(s|diV_) = deg(3|diV_). 
On the other hand 

deg(<7|<9([0, 1] x S k - X x S n ~ k )) 

= deg(5|({0} x S k - 1 x ^- fc )) +deg(5|({l} x S^ 1 x S™- fc )) 
= deg(e) — deg(5) = — deg(5). 
To sum up, we get that deg(5) = — 2 deg(g\dN ), so deg(5) is even. 

□ 

Let us define A : ir n _ k V k (R n ) — > Z by A ([a]) = deg(5)/2. According to 
Proposition 12.31 A is well defined. 
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Proposition 2.4 The mapping A is a group homomorphism. 

Proof. Take [ceo], [«i] € 7r n _fcVfc(IR n ), represented by smooth maps such that 
«o(^o) = Q!i(xo) = yo- The sum [oiq] + [«i] in ir n _ k V k (M. n ) is represented by 
the composition (a V ai) o c : S n - k — > S n ~ k V S n ~ k — > V k (R n ), where 
c collapses the equator S' ra ~ fc_1 in S n ~ k to a point, xg lies in S n ~ k ~ 1 and 
5 n " fc V S" n - fe is the disjoint union of S n k and S n k with the identification 
xq ~ xo- Then cto + Qi : S k ~ 1 x 5 ,n_fe — > 5 n_1 . It is easy to see that 
+ ai{S k ~ 1 x S n ~ k ~ r ) is not dense in S' n_1 . So there is a regular value 

y € S"™- 1 such that Q"iT+ai 1 (y)n(S' fc - 1 xS' n - fc - 1 ) = 0. Then a^+ai _1 (y) 
is the disjoint union of aQ 1 (y) and aj~ 1 (y), so deg(ao + «i) = deg(ao) + 
deg(ai). 

□ 

Proposition 2.5 The mapping A is surjective. 

Proof. Let us define a mapping a = (a±, . . . , a k ) : S n ~ k — > V k (R n ) 
by ai(ar) = (0, . . . , 1, 0, . . . , 0), with the 1 in the i-th coordinate for i = 
l,...,k — l, and a k = (0, . . . , 0, xi, . . .,x n - k+1 ). Then 

a((3,x) = (Pi,. . .,p k -i,p k xi, ■ ■ ■ ,(3 k x n - k ,(3 k x n - k+ i) £ S 71 ' 1 . 

It is easy to check that 5 -1 (0, . . . , 0, 1) = {((3,x)\ Pi = ... = P k -i = 
x\ = . . . = x n „fc = 0, (3 k = x n _ k+ i = ±1}. Projection onto first (n — 1)- 
coordinates in a neighbourhood of (0, . . . , 0, 1) € S 11 ^ 1 is an orientation 
preserving chart if and only if n is odd. Near (0, . . . , 0, 1, 0, . . . , 0, 1) € 
S^ -1 x S n ~ k we have an orientation preserving parametrization given by 

(P',x') = (Pi,. ■ .,P k -l,Xl, . . .,X n - k ) ' — > 
((-l) k - l Pl,P 2 . . . , Vl-I/S'l 2 , Xi, ... , X n . k , y/l - W\ 2 ) • 

It is easy to check that in these coordinates the derivative matrix of a at 
(0, ...,0,1,0, ...,0,1) has the form 

" ... " 

1 ... 

... 1 



5 



Near (0, . . . , 0, —1, 0, . . . , 0, —1) £ S 1 x S n k we have an orientation pre- 
serving parametrization 

(P',x') = (/Si,. . . ,/3 fc _i,xi, . . .,x n - k ) 1 — ► 

((-1)^1,^2, ■ ■ ■ , Afc-i, -Vl - l£f , -xi, x 2 , ■ ■ . ,x„-*, - Vl - k'l 2 ) • 

It is easy to check that the derivative matrix of a at (0, . . . , 0, — 1, 0, . . . , 0, — 1) 
in these coordinates has the form 



_l)fe 


. 


. 


.. 


. 





1 . 


. 


.. 


. 





. 


. 1 


.. 


. 





. 


. 


-1 .. 


. 





. 


. 


.. 


. -1 



Then (0, ... ,0, 1) is a regular value of a, and deg(a) = (—1)™ l) fc 1 + 
(-l) fc (-l) n ~ fc ~ 1 ) = 2, so A (a) = 1. By Proposition 2, A is surjective. 



Theorem 2.6 If n — k is even then A : 7T„_fcVfc(M n ) — > Z is an isomor- 
phism. 

Proof. Since 7r n _fcI4(lR ?1 ) ~ Z, the surjective homomorphism A is an 
isomorphism. □ 

Let M be a closed oriented (n— fc)— manifold. With any a : M — > T4(R ra ) 
we may associate the same way as above the mapping a : S k ~ 1 x M — > 
W 1 \ {0} given by 

a(Ji,x) = fiiai(x) + . . . + f3 k a k (x). 

Then the topological degree of a is well defined. Applying the same argu- 
ments as in the proof of Proposition 12.31 one can prove 

Theorem 2.7 Let a : M — > Vk(W l ) be continuous, where n — k is even. 
Then deg(5) is even, and so A(a) = deg(a)/2 is an integer. If a , a 1 : 
M -> V k (R n ) are homotopic, then A(a°) = A(a x ). 

□ 
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3 Polynomial mappings into a Stiefel manifold 



If U is an open subset of an n-dimensional oriented manifold, H : U — > R n 
is continuous and p G i? _1 (0) is isolated in .ff _1 (0), then by deg p H we 
denote the local topological degree of H at p. If .ff" _1 (0) is compact, then 
there exists a compact manifold with boundary N C U such that -ff _1 (0) C 
int(iV). If that is the case then the topological degree deg(iT, U, 0) is defined 
as the degree of the mapping dN 9x4 H(x)/\H(x)\ G S™ -1 . In particular, 
if tf-^O) is finite then deg{H, U,0) = Y1 deg p H, where p G H' 1 ^). 

Let a = (ai, . . . , a^) : R n_fc+1 — ► M^(R n ) be a polynomial mapping. 
Denote by [ojj(x)], 1 < i < n, 1 < j < k, the matrix in which cij(x) stands 
in the j-th column. Define 



a(/3,x) = Pia\{x) + . . . + f3 k a k (x) = [aij(x)] 



/3i 
fa 



: R fc x R n ~ fe+1 



By / we denote the ideal in R[xi, . . . , x n -k+i] generated by all k x k minors 
of [oij(x)]. Let V(I) = {x£ W l - k+1 | h{x) = for all h € I}. 

Lemma 3.1 We have p G V(I) if and only if a±(p), . . . , a k {p) are linearly 
dependent, i.e. ifa(/3,p) = for some (3 ^ 0. 



□ 



Let I\ be the ideal generated by all (k — 1) x (k — 1) minors of [ciij(x)]. 



Put 



m(x) = det 



a 12 (x) 
a k -i,2{x) 



Olfc(x) 

a fc _i jfc (x) 



Lemma 3.2 We have V(I)\V(Ii) = if and only ifi&nk[ai(p), . . . ,otk(p)] = 
k — 1 at each p G V(I). 

If that is the case and V{I) is finite then one may choose well oriented 
coordinates in R n ~ fc+1 and R ra such that m{p) ^ at each p G V(I). 



□ 

From now on we assume that m(p) / at each p G V(I). Hence, if 
ai{p), ■ ■ ■ , ttjfc(p) are linearly dependent then a2(p), ■ ■ ■ , ct k {p) are linearly in- 
dependent. In that case there exists a uniquely determined A = (A2, . . . , A&) G 
R fe_1 such that a\(p) + A2«2(p) + • • • + AfcQfc(p) = 0. Therefore we have 
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Lemma 3.3 Suppose that p G V(I). Then there is a uniquely determined 
j3_ G H+ = S k ~ l n_{/3i > 0} such that a(/3,p) = Pia^p) + f3 2 a 2 {p) + ...+ 
A«fc(p) = 0, and X 2 = fc/Pi, ■ • • , A fe = h/h- 

□ 

Note that 

H+ 9 (&,&,... , p k ) i y (fa/Pi, • • • , Pk/Pi) e ^ 

is an orientation preserving diffeomorphism. For A = (A2, . . . , A&) G R fc_1 
and 1 < i < n we define Fj(A, x) = aji(x) + A2aj2(x) + ■ ■ ■ + A^a^x). Then 



F = (F 1 ,...,F n ) 



1 

A 2 
Afc 



t fc-l x R n-k+l 



Lemma 3.4 ^4 poini (j3,p) G ii+ x IR ra ~ fc+1 is an isolated zero ofa\(H + x 
j^n-fc+i) if and on i y if ^ ^ e x jjn-fc+1 j s fln i so i a t e d zero of F. If 

that is the case then 



deg m (a\(H + x M^ 1 )) = deg a , p) (F) 



In such case 



9(Fi, . . . , Fk-i) 



(X,p) = m(p) / 0, 



□ 



d(X 2 ,...,Xk) 

so d(Fi, . . . , Fk-i)/d(X2, ■ ■ ■ , Afe) / in a neighbourhood of (X,p). Ac- 
cording to the Cramer rule, there exists a uniquely determined X(x) = 
(A 2 (:e), . . . ,Xk(x)) defined in a neighbourhood of p, such that 

' F 1 (X(x),x)=0 
k F k _ 1 (X{x),x) = 



and 



(1) Xi(x) 



m(x) 



dct 



a u (x) ... a lt i(x) ... aifc(x) 
ctfe-i,i(s) ••• ojfc-i,i(a;) ••• a fc _i )fc (x) 
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for 2 < i < k. 

Denote T = {(X(x),x)} C 



1 x R n-fc+l 



, of course T is an (n — k + 1) 



manifold near (X,p). On T we take the orientation induced by equations 
F\ = . . . = F k _i = 0, i.e. vectors v\, . . . , v n -fc+i tangent to T at (A(x),x) 
are well oriented if and only if 

VF 1 (X(x),x), . . . , V-Ffe_i(A(x), x), V!, . . . , v n - k +i 

are well oriented in E fc_1 x E n ~ fc+1 . One can see that vectors 

with the 1 in the (k+s — l)-th coordinate, are tangent to T. Their orientation 
corresponds to the standard orientation of an E n ~ fc+1 

Lemma 3.5 Vectors v±, . . . ,v n -k+i are well oriented if and only if m(p) > 
0. 

Proof. We have Fi(X(x), x) = 0, for 1 < i < k — 1, so 

= -^—Fi(X(x),x) 

OX s 

= a i2 {x)^-(x)+. . .+a ik (x)^{x)+^(x)+X 2 {x)^(x)+. . .+X k (x)^-(x). 

Denote by A the Gramian matrix of vectors v±, . . . , f n -fc+i- It is easy to see 
that the determinant of the matrix having rows VFi(X(x), x), . . . , VF k ^\(X(x), x), 
v 1 (x),... ,v n - k+1 (x) equals 



det 



a 12 (x) 



aik(x) ... 



ak-i,2(x) ••• a k _ hk (x) ... 
* A 



m(x) det A. 



Vectors v\, . . . , v n - k +\ are linearly independent, so det A > 0. We get that 
f n -fc+i are well oriented in T if and only if m(x) > 0. □ 

Denote by O n the ring of germs at (X,p) of analytic functions E fc_1 x 
jjm-fc+i — y ^ e r i n g Q f germs at (X,p) of analytic functions 

T — > E, and by O n ^ k+ i the ring of germs at p of analytic functions 
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R n-k+i — y R _ gince a(Fi,...,F fc _ 1 )/a(A 2 ,...,A fc )(A,p) + 0, so there is 
a natural isomorphism 

O r ^OJ(F 1: ...,F k ^). 

Put £li(x) = Fi(X(x),x) £ O n -k+i- Because T is the graph of x t-> X(x), so 
O r ~ O n -k+i and 

O n / \F X ,.. .,F k -i,F k , ...,F n ) ~ r /(F fe , . . . .i^) ~ On-fc+i/^i, . . .,fi n ). 

We have m(p) ^ 0, so the germ of m is invertible in O n , Oy and O n — k -\-i. 
Denote by J the ideal in O n -k+i generated by all k x k minors of [aij(x)]. 

Lemma 3.6 O n /{F x ,. ■ ■ , F n ) ~ O r /<^fe, • • • , F n ) ~ O n ^ k+l /J. 

Proof. Take 1 < z'i < . . . < i k < n. Of course = . . . = fij fe = in 

Cn-fe+l/ (^1, ■ ■ ■ , On); i- e - 

a iu i(x) + A 2 (x)a ili2 (x) + . . . + A fe (x)a iljfc (x) = 

Oi fc) i(x) + A 2 (x)a ifei 2(2;) + . . . + A fc (x)a ifcifc (x) = 
According to the Cramer rule, 

a>i k ,i(x) ... a ik , k (x) 



det 



in O n - k+ i/(Ui,...,n n ). 



Each generator of J belongs to (fli, . . . , O n ), so J C . . . , O n ). 
Applying (JTJ) one may show 



n f ( x ) = A ^_ det 



mix) 



a n {x) 

a>k-i,i(x) 
an(x) 



a lk (x) 

Ck-l,k{ X ) 

aik{x) 



-1) 



fc-i 



m(x) 



-Ai(x). 



In particular, germs of Q±, . .. ,O n in O n _fc + i belong to J. Of course Sli = 
0, . . . , flk-i = 0. So (fli, . . . , fi n ) = (flfc, . . . , U n ) = J, and there are natural 
isomorphisms 

O n /(F 1 ,...,F n )~O r /(F k ,...,F n ) ~ n _ fe+ i/(Qi, . . . , fi n ) ~ n _ fe+1 /J. 



□ 



From the previous proof we also get 
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Lemma 3.7 O n - k+1 /J ~ O n - k+1 /(A k , . . . , A n ). 



□ 



Lemma 3.8 If n — k is even and d(A k , ■ ■ ■ , A n )/d(xi, . . . , x n _ k+ i)(p) ^ 0, 
then 

\k-i „„„ d(A fc , . . . , A n ) 
d(x 1 , . . .,x n - k +i) 



Proof. We have fij(x)m(x) = (— 1) Aj(x) so 

^ + ^ = (-1)*"^ 
ax s ra s ox s 

As 17j € J, then 

dQi _ dA 



dx s m dx s 

Because n — k is even, so 



mod J. 



d(J4,...,O n ) 9(A A ,...,A n ) 

mod J. 



9(xi, . . . ,x n _ fc+ i) m n fc+1 d(xi, . . . ,x n ^ k+1 ) 

Since d(A k , . . . , A n )/d(xi, . . . , x n - k +i)ip) 0, the mapping (O fc ,...,O n ) 
has an isolated regular zero at p, moreover 

deg p (n k , ...,n n ) = Bgn(m(p)) sgn f (Afc ' ' ' ' ' A " } (p). 

So the local topological degree of (F fe ,...,F n ) : (T,(A,p)) — ► (M n - fc+1 ,0) 
at (A,p) equals 

, Tsfe-i / / N v ^(Afc, . . . ,A n ) 

(-1 sgnmp sgn- -(p), 

. . . ,x„_ fe+ i) 

if and only if the orientation of F is the same as the one induced from M n_fe+1 . 
According to Lemma l3.5( the local topological degree of (F k ,...,F n ) : 
(T,(X,p)) — > (R n ~ fc+1 ,0) , where the orientation of T is the one induced 
by equations F% = . . . = F k -% = 0, equals 

/ t\k-i d(A k ,...,A n ) 
(- 1 ) s S n 7vZ " n(p)- 
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According to [9, Lemma 3.2], (A,p) is isolated in ((F^, . . . , F n )\F) 1 (0) if 
and only if (X,p) is isolated in (F%, . . . , F n ) _1 (0), moreover 

de S(x,p)( F k, ...,F n )\T = deg f 5 ^(Fi, . ..,F nj 



Hence the local topological degree of F = (Fx, . . . , Fj.-i, Fj., . . . , F n ) : (R k 1 x 
W n - k+1 , (A,p)) — > (M n ,0) at (X,p) equals 

f ,, k -i d(A k ,...,A n ) 

0{X\, . . . , X n _fc + iJ 

□ 

Put A = R[xi, . . . ,x n -fs+i]/I' Let us assume that dim.4, < oo, so that 
V(J) is finite. For h G A, we denote by T(/i) the trace of the linear endo- 
morphism A3at-^h-a£A. Then T : A — > M is a linear functional. 

Let / € . . . , £ n _fc +1 ] and M = / _1 (0). Assume that D = {x \ f{x) > 
0} is bounded and V/(cc) ^ at each x € M. Then L> is a compact manifold 
with boundary dD = M, and dimM = n — k. 

Put 5 = d(Ak, . . . , A n )/d(xi, . . . , Xn-jt+i). With / and 5 we associate 
quadratic forms @g, Of.g : A — > R given by 65(a) = T(6 ■ a 2 ) and Qf.§(a) = 
T(f -5 -a 2 ). According to PEj, 

we have 
signature Q$ = ^Jsgn(#(p)), 

signature @f. s = ^ sgn(f(p)5(p)), 

where p G V(J). Moreover, if the quadratic forms are non-degenerate then 
5(p) / and /(p) 7^ at each p G F(J), so that V(I) n M = 0. In that case 
vectors ai(x), . . . , ak(x) are linearly independent at every x G M, and then 
the restricted mapping a\M goes into V k {R n ). Hence S]^" 1 x M goes into 
R n \ {0}. 

Theorem 3.9 If n - k is even, a = (ai, . . . , a k ) : R n ~ k+l — > M k (R n ) is 
a polynomial mapping such that dirndl < 00, / + (m) = R[xi, . . . ,x n -k+i] 
and quadratic forms O5, 0/.«5 : A — > R are non-degenerate then 

A(a\M) = -deg(a|5 fc_1 X M) = - — ^ (signature 6,5 + signature Qf.s), 

where 5(/3, x) = f3\a\(x) + . . . + f3kCtk(x). 
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Proof. The product S k ^ 1 x D is a compact n-manifold with boundary 
d(S k ~ 1 x D) = S k ~ 1 x M. The standard orientation of the boundary coin- 
cides with the standard orientation of the product S k ~ l X M if and only if 
k is odd. Then 

deg(5|S* _1 x M) = deg(5, 5*" 1 x D,0). 

Take G 5 -1 (0) n S k ~ 1 x D. Then ai(p), . . . ,a k (p) are linearly 

dependent. By Lemma |3.1| p belongs to a finite set V(I). Since I + (m) = 
. . . , x n _fc + i], we have m(p) 7^ at each p £ V(I). Then, by Lemma [3T3"l 
((3,p) and (— j3,p) are isolated in 5 -1 (0) D 5 fe_1 x D and the first coordinate 
h + 0. 

Because n — fc is even, then 

de S(^, P ) 5 = deg(-fd|5' n ~ 1 ) • deg^^^ 5 ■ deg(-id|5 fe-1 ) = deg ( _^ p) 5. 
Hence deg(3,S fc-1 x Z),0) = 2deg(5,# + x D,0). By LemmaEl 
deg(5, H + x D,0) = deg(F, R^ 1 xD,0) = ^ deg (X>p) F, 

where (A,p) € F^fOjnM^ 1 x D. 

The quadratic form Q$ is non-degenerate, hence 5{p) 7^ at each p € 
F(J). By Lemma ESI 

deg(5,5 fc - 1 x D,0) = 2(-l) fc - 1 ^sgn(5(p), 

where p E F(J) nD = V(I) D {/ > 0}. 
On the other hand, 

signature ®$ + signature G f.g 

= ^2 sgn5(p)+i ^2 sgn 5(p)- ^ sgn 5(p) 
peV(J) \ P eV(i)n{f>o} peV(/)n{/<0} 

= 2 sgn<5(p). 
P £V(i)nD 

□ 



Example. Take 



A 



2z + 2 y + 2 

2y+l 2y + l 

2x + l y + 2 

z + 1 2y + 1 
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Let a = (a\, a 2 ) : — > M2(M 4 ) be a polynomial mapping such that a,- is 
the j-th column of A. 

One may check that I is generated by 2y — z, 2x — 2z — 1, z 2 + z and 
.4. = R[x, ?/, z]// is a 2-dimensional algebra, where e± = 1, e 2 = z is its basis. 

In our case m = y + 2, and so / + (m) = IR[x, y, z]. One may check that 
T(ei) = 2, T(e 2 ) = -1, and «5 = -24 - f z, / • 5 = -18 - fz in A The 
matrices of ©5 and ©^ are 

" -21/2 -27/2 
-27/2 27/2 

Hence signature ©5 = 0, signature 0/.,5 = —2. Applying Theorem l3.9l we get 
that a\S 2 : S 2 — ► Va(M 4 ) and A(a|S 2 ) = -(0 - 2)/2 = 1. 



4 Intersection number 

By B n {r) we denote the n-dimensional open ball with radius r centred at 
the origin, by B n (r) its closure, and by S n ~ l (r) the (n — l)-dimensional 
sphere with radius r centred at the origin. 

Lemma 4.1 Let H = (hi, . . . , h n ) : M n — > M. n be continuous. If Z = 
{x G M n | h\(x) = . . . = hk(x) = 0} is compact for some k < n, then the 
topological degree of H/\H\ : S n ^ 1 (R) — > S" 1-1 is equal to zero for any 
R>0 with Z C B n (R). 

Proof. Suppose that Z C B n (R), so Z D S n ~ l (R) = and H(x) ^ for 
x G S^iR). Let us consider H/\H\ : S™- 1 ^) — ► S n -\ We have 

{H/\H\)-\0,...,0,1) dZC\S n - 1 {R) = %. 

So (F/IFI)" 1 ^, . . . , 0, 1) = 0, and the degree of H/\H\ equals zero. 

□ 

Let H = (hi,...,h n ) : W 1 — > W 1 be continuous, let U C W 1 be an 
open set such that i/ -1 (0) n U is compact, so that the topological degree 
deg(H, U, 0) is defined. Suppose that hi(x) = xig(x), where g(x) > for 
x G U. By J7' denote the set {x' = (x 2 , ...,x n ) G l n_1 | (0,y'j G [/}. Of 
course iJ _1 (0)nJ7 C {0}xW. Let us define the mapping H' : l™" 1 — ► R n_1 
by H'(x') = (h 2 (0,x'),...,h n (0,x')). Then (fl 7 ) -1 ^) PiU' is compact and 
deg(iJ', V, 0) is well defined. We have 



and 



-99/4 27/4 
27/4 -27/4 
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Lemma 4.2 deg(H,U,Q) = deg(H', U', 0). 

□ 

Let us assume that / : R m+1 — > R is a smooth function such that 
M = / _1 (0) is compact and V/(p) ^ at each p G M, so that M is an 
m-dimensional manifold. We shall say that vectors vi,...,v m G T p M are 
well oriented if vectors V/(p), . . . , t) m are well oriented in R m+1 . In this 
way M is an oriented manifold. 

Let G = (gx, . . .,g 2m ) ■ R m+1 — > R 2m be smooth. Put g = G\M and 
define H : R m+l x R m+1 — > M. 2+2m by 

H(x,y) = (f(x),f{y),gi(x) - g x (y), . . . ,g 2m (x) - g2m{y))- 

According to [5J Lemma 18, Proposition 20] we have 

Proposition 4.3 The mapping g : M — > M 2m is an immersion if and only 
if the mapping IR m+1 3i4 (f(x),gi(x), . . . ,g2m(%)) has rank m+1 at each 
p e M. 

If that is the case then there exists a compact 2(m + 1)- dimensional 
manifold with boundary N C M m+1 x M. m+1 such that 

{(x, y) e R m+1 x M m+1 | H(x, y) = 0, x + y} C N \ dN. 

If m is even, then for any such N the intersection number 1(g) equals 
deg(H, N,0)/2 = deg(H\dN)/2. 

□ 

From now on we assume that g = G\M is an immersion. Then 



rank 


r Skw 
few 


df 
dx m+1 

dgi 
dx m+ i 


(x) - 

(x) 


= m+1, 




9g2m 

L dx x \ x > 


dg2m 
dXm+l 


(x) _ 





for x G M. Denote by ai(x), . . . , a m +i{x) the columns of the matrix above. 
This way with the immersion g we can associate a = (aj, . . . , a m +i) : M — > 
F m+ i(R 2m + 1 ), and 5 = p x a x {x)+. . . + (3 m+1 a m+1 (x) : R m+1 xM R 2m+1 
such that a\S m x M goes into R 2m+1 \ {0}. By Theorem 12.71 the degree 
deg(a\S m x M) is well defined and even. 

Let us define 4> : R m+2 x R m+1 — ► M. 2m+2 by 

4>(/3,/3 m+2 ;x) = (x + (3,x + j3 m+2 Vf(x)), 

where f3 = (/3i, . . .,/3 m+1 ), x = (x x , . . . ,x m+1 ). 
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Lemma 4.4 For any r > small enough, <p : B m+2 (r) x M — > R 2m + 2 is an 
orientation preserving diffeomorphism onto its image. 

Proof. Take a well oriented basis vi,...,v m of T X M, so that V/(x), t>i, ...,v„ 
are well oriented in R m+1 . Let e±, . . . , e m+ 2 be the standard basis of R m+2 . 
Take q = (/3,/3 m+2 ;x) G B m+2 {r) x M. Then 

(ei, 0), . . . , (e m+2 , 0), (0, ui), . . . , (0, v m ) 

is a well oriented basis in T q (B m+2 (r) x M). If /3 m+2 = then 

det ( [D<f>((p, 0; x))] [(ei, 0), . . . , (e m+2 , 0), (0, . . . , (0, Um )] ) 



= det 










1 







det 



9xi 

<9:Tm + l 





(x) 



. 

. 1 

. 



[(ei,0), . . . , (e m+2 ,0), (0,ui), . . . , (0/ 



det[V/(x),t>i,...,v m ] > 0. 



* 
... 1 

... V/(x) ui ... v m 

Since 0(0; x) = (x,x) and M is compact, if r > is small enough then 
(f) : B' m+2 (r) x M — > R 2m + 2 is an orientation preserving diffeomorphism 
onto its image. □ 

Lemma 4.5 There exist smooth functions u±, . . . , u m+ i : R m+1 x R m+1 — > 
R such that fix + y) = f(x) + YT +1 yi u i{ x iV-), an d u i( x , °) = §£:( x )- 

□ 



Theorem 4.6 If m is even and g : M 
-deg(5|S m x M)/2 = -A(a). 



is an immersion then 1(g) 



Proof. Let A = {(x, x) | x <G M} denote the diagonal inMxM. Note that 
H-^O) = A U {(x, y) e M X M, g{x) = g(y), x + y). 
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By Proposition ^, 31 there is e > such that \x—y\ > e for (x, y) G H 1 (0)\A. 

Take r > such that <p : B m+2 (2r) x M -> R 2m + 2 is an orientation 
preserving diffeomorphism onto its image. Put X = 4>(B m+2 (r) x M). Then 
K is a closed tubular neighbourhood of 0({O} x M) = A in M. 2m+2 , and 
so is a (2m + 2) -dimensional compact manifold with boundary dK = 
4>(S m+1 (r) x M). Moreover we can assume that 

\(x + P) - (x + (3 m+2 Vf(x))\ < e, for (/3,/3 m+2 ;x) G 5 m+2 (r) x M. 

In particular ftPf D IT -1 (0) = and KDH' 1 ^) = A. For R > big enough, 
iV = B 2m+2 (R) \ <f)(B m+2 (r) x M) is a compact manifold with boundary 
S 2m+1 (R) u dK, where the orientation of dK is opposite to the one induced 
from K. We may also assume that N contains i^ _1 (0) \ A in its interior. 
According to Proposition 14.31 

21(g) = deg(H,N,0) = deg(H\S 2m+1 (R)) - deg(H\dK). 

The hypersurface M = / _1 (0) is compact, so {f(x) = f(y) = 0} = MxM C 
R m+l xl m+1 is compact too. According to LemmaEU deg(H\S 2m+l (R)) = 
0. So 

21(g) = -deg(H\dK) = - deg(Ho0\S m+1 (r)xM) = - deg(Ho0, B m+2 (r)x M, 0). 

Of course it holds true for any radius smaller than r. 

According to Lemma |4.5| for (f3 , f3 m + 2 ; x) G B m+2 (r) x M the second 
coordinate of H o cj) equals 

m+1 q, 

f(x + P m+2 Vf(x)) = f(x) + /3 m+2 ^ ~Q^( X ^ Ui ^' I 3 m+2]X) 

i=l 1 

m+1 

= /3 m+2 ^ ^-(x)ui(/3,/3 m+2 ;x), 
i=i 1 

where «;(0; x) = J^-(x). For r small enough YT=i §£l( x ) u i(Pi ^ m + 2 ' x ) > °- 
After permuting coordinates, by Lemma 14.21 we get 

deg(H o(f>,B m+2 (r) x M,0) 

= deg ((f(x + p) l9l (x + p) - 9l (x), g 2m (x + /?) - g 2m (x)), B m+1 (r) x M, 0) . 
By Lemma |4"3| for G B' m+l (r) x M we have 

(/(» + /3),3l(s + ( a) -3i(ac),...,52m(» + ^) ~52m(»)) 
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/m+1 



m+1 



m+1 



x),Wi(j3, x)) , 



\ 1 



where Wi (0,x) = {w}{0, x), . . . , wf m {0, x)) = ($£(x), . . . , %f (x)). Because 
g is an immersion, by Proposition 14.31 there is small r such that 



rank 



ui(fi,x) ... u m+ i((3,x) 



w{((3,x) 



m+1 



(/3,x) 



m+1, 



w 2m (/3,x) ... w 2 ™ +1 (l3,x) 

for (/3,x) G B m+1 (r ) x M. Hence the columns a\ (/?, x) , . . . , a m+ i (j3, x) of the 
matrix above are linearly independent. Let ht : B m+l (r) x M — > M 2m+1 , 
< t < 1, be a homotopy given by 

h t (/3,x) = Piai(tp,x) + ... + f3 m+1 a m+ i(tf3,x), 

so that /i*(/3, x) is a linear combination of linearly independent vectors. Then 

each /i t -1 (°) = {°} x M - 

According to the Excision Theorem we have 



deg(5|S m x M) = deg(5,S m+i (l) x M,0) = deg(S, B m+l (r) x M,0). 
Of courseo = h Q , so deg(a\S m xM) = deg(h , B m+l (r) xM, 0) = deg(/ii, £ m+1 (r)x 



M, 0). By the previous arguments, deg(h\,B 



m+1 



r x 



M,0) = -27(g). To 



sum up we get that 21(g) = — deg(a|5 m x M) = — 2A(a). 



□ 



Example. Let g = (x\ + X2 — X\ — 3x3, x\ + 2x\ — X2 + X3, xiX2 + 2x\,x\Xz — 
x 2 ) ■ M 3 — ► R 4 . Using Singular [3j and results of Theorems [331 and B~6 
one may check that 7(g|S' 2 (10)) = 5. 
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